We give exact formulas for the right-handed analog of the CKM matrix in the minimal LeftRight symmetric theory, for the case when the Left-Right symmetry is generalised Parity as in the original version of the theory. We derive its explicit form and give a physical reason for the known and surprising fact that the right-handed mixing angles are close to the CKM ones, in spite of the Left-Right symmetry being badly broken in nature.
We give exact formulas for the right-handed analog of the CKM matrix in the minimal LeftRight symmetric theory, for the case when the Left-Right symmetry is generalised Parity as in the original version of the theory. We derive its explicit form and give a physical reason for the known and surprising fact that the right-handed mixing angles are close to the CKM ones, in spite of the Left-Right symmetry being badly broken in nature.
I. Introduction. The Left-Right (LR) symmetric theory [1] prophetically implied a non-vanishing neutrino mass, whose smallness is related [2, 3] to the near maximality of parity violation at low energies. The theory leads to neutrinoless double beta decay [4] through both left handed (LH) and heavy right handed (RH) neutrinos [3] . One can in principle observe lepton number violation at hadronic colliders, and probe directly the Majorana nature of heavy neutrinos, through the so-calleed KS process [5] . Moreover, the knowledge of neutrino masses allows to predict Dirac Yukawa couplings [6] , and the associated decays of RH neutrinos.
The small K L − K S mass difference implies the lower limit [7] on the LR scale in the minimal model, around 3 TeV [8] , and the LHC has come close for some channels [9] . When LR symmetry is generalised parity, it is argued that the limit is about 20 TeV [10] .
Detailed studies [11] support the feasibility of the KS process at the LHC, connected [12] to neutrinoless double beta decay and lepton flavor violation. Recently CMS reported [9] a 2.8 sigma excess in the KS process that could be a manifestation of the LR symmetry [13] . It would require however the RH gauge coupling appreciably smaller that the LH one, not discussed here.
In the limit of unbroken LR symmetry, the left and right mixings are equal (up to the sign ambiguities of fermion masses). After the symmetry breaking, the situation depends on the nature of the LR symmetry, which can be either generalised charge conjugation C or generalised parity P. In the case C, the symmetric Yukawa couplings lead to symmetric quark mass matrices and the mixing angles are the same, the only difference lying in the phases.
In the case of P, the Yukawa couplings are hermitian but the symmetry breaking introduces a complex phase. The quark mass matrices are then not hermitian, yet it turns out that left and right angles are quite close to each, as shown first numerically in a portion of the parameter space [14] . Some years later [15] made an important analytical study in the same approximation, and in [16] , combined analytical and numerical computations established this result over the entire parameter space.
In this Letter we shed new light on this old issue. We derive exact formulas, which allow to compute the RH mixings with an arbitrary precision.
II. The right handed quark mixing matrix. The LR symmetric theory studied here is based on the SU (2) L × SU (2) R ×U (1) B−L gauge group augmented with a generalised parity P : q L ↔ q R , where q L,R are quark doublets under SU (2) L and SU (2) R gauge groups respectively.
The quark Yukawa couplings in the minimal theory take the following form
where Φ is a Higgs scalar bi-doublet with the nonvanishing vevs
and β < π/4, 0 < a < 2π. The underlying LR symmetry in the form of generalised parity P implies hermitian Yukawas, which in turn lead to the following relations between the up and down quark mass matrices
where s a ≡ sin a, t β ≡ tan β, t 2β ≡ tan 2β. From (4), it is easy to see a rough upper limit s a t 2β 2m b /m t , found before in [16] . The mixing matrices arise from a product of matrices that diagonalize the quark mass matrices
where m q are diagonal matrices of positive quark masses. This gives the left-handed CKM matrix V L and its right-
It will be useful to introduce unitary matrices U d and U u which become unity (up to sign matrices discussed below) when the corresponding mass matrices are hermitian
Then from (3) and (4) one finds
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Additionally one has a relation which arises from the definition of the mixing matrices
Together with (8) and (9) it allows the determination of
and β. This tough computational task is simplified, for we can expand in small s a t 2β . We spare the reader the gory details that go into the following leading term expression
There are 2 (2n−1) independent solutions for n generations, due to the square root nature of (8) and (9) . The rest is found through
Equation (11) eloquently expresses the RH mixing matrix V R as an expansion in the small parameter s a t 2β , which must satisfy
This confirms rigorously what we estimated in the beginning by just taking the third generation, the reason being that the third generation CKM mixing angles are tiny. Our task is basically completed; it suffices to keep in mind that when s a t 2β is close to 2m b /m t , one may have to include higher order terms. This is straightforward and we leave it for future work. What is essential is that we have a complete control of the situation through a well defined expansion procedure.
Already at this level it can be shown though that the difference between the right and left mixing angles is small, as found numerically in the past. In order to do so, we use the following parametrisation for a general 3 × 3 unitary matrix
, 1) (13) where
the standard form used by the PDG of the left-handed CKM matrix. Besides the RH analog δ R of the KM phase δ L , V R contains five extra phases that cannot be rotated away since we used all the phase freedom in defining the usual CKM matrix in the left sector. We call these external phases (analogous to Majorana neutrino phases).
A straightforward computation from (11) gives the leading terms for the differences between mixing angles and the KM phases
In the above formulas we keep small masses of the first generation in the denominators just in order to help the reader see the origin of such terms. It should be kept in mind that the phase difference δ R − δ L is accompanied with the sin θ
13
L mixing angle, and we will plot it accordingly. It suffices to change the signs of quark masses accordingly to get all the other solutions. The absolute values of the mixing angle differences are quite stable under these transformations, while the phase difference varies somewhat.
Notice that the angle differences vanish in the limit of CKM phase δ L going to zero, reason being that in this limit, the first order terms in s a t 2β in (11) are purely imaginary and thus affect only the phases. It is clear that the angle differences are extremely small, suppressed by small mixings. In Fig. 1 we plot in red lines these first order results, and with blue dots the exact numerical solutions. The agreement between the two is impressive, the first order is an excellent approximation. The difference between the 1-2 mixing angles is always less than about 10%.
It may not be obvious why the differences of angles are always accompanied by other small mixings. The simple understanding of this important result comes, strangely enough, from a discussion of a non-realistic two generation situation. Notice a surprising fact: at the first order the left and right mixing angles are equal, since there is no CP phase in V L (Cabibbo rotation is real) and the only change is in the imaginary components, i.e. phases. If this was to be true to all orders, it would be a rather useful result, for it would tell us that the difference between mixing angles in the three generation case must be proportional to the small CKM mixings, and thus guaranteed to be small. Below we show that the remarkable equality of θ L and θ R is actually exact. 
The differences between the right and left handed mixing angles and the KM phases (δR − δL is multiplied with the accompanying sin θ 13 L ). The first order terms are given by red lines, the blue dots denote exact numerical solutions. The agreement is striking in all of the allowed region sat 2β 0.055.
First, we compute the external phases from (11)
Unlike the expressions for the mixing angles and the KM phases, these phases depend strongly on the sign transformations that connect different solutions. The above formulas should just be taken as an example of all positive signs. There is one subtlety to keep in mind: in some cases sign changes make the phases start from π and not from zero, but that is easy to figure out. We plot these phases in Fig. 2 . Again, the first order results are shown in red, and the exact numerical results in blue. Notice that in this case the results start diverging for larger values s a t 2β 0.03, which simply means the lack of higher order terms in (11) . This turns out to mean only correcting for a more precise form of ω 3
the rest remaining intact. The details of the computation are left for a longer paper to appear soon. In the Fig. 2 we also give in green the values for the above phases with the ω 3 given above; the agreement with the exact results is now excellent. Two generation case: exact RH angle. The 2 × 2 matrices possess a special property: the off-diagonal elements of the square root of a matrix are proportional to the off-diagonal elements of the matrix itself, with the same coefficient of proportionality. This simplifies the matters tremendously, and from the unitarity of U u (or equivalently U d ) one has immediately for the off-diagonal elements
with the unique solution (up to a sign ambiguity discussed below (11)) of the same mixing angles
This remarkable result allows to understand the near equality of V R and V L . As discussed above, the small parameter s a t 2β gets accompanied by large quark mass ratios, and the product can be close to one, complicating the matters. However, the difference between mixing angles must be proportional to other mixing angles, fortunately small. Thus the situation encountered in (14)- (16) continues to be true to all orders in s a t 2β . The near equality of left and right mixings is guaranteed by the smallness of left-handed quark mixing angles.
IV. Summary and outlook. In this Letter we have been able to elucidate the long awaited form of the RH quark mixing matrix V R in the minimal LR symmetric model for the case of LR symmetry being generalised parity. We found exact equations, valid in all of the parameter space which allow for its numerical determination. We give the approximate form for a small parameter which measures the departure from the hermiticity of the quark mass matrices. Moreover, we give a simple demonstration of the near equality between left and right mixing angles, using the important fact that in the two generation case θ R = θ L . The small CKM mixing angles, then guarantee practically equal mixing angles in the realistic three generation case.
The case of C was easy to understand. Since quark mass matrices are symmetric, the mixing angles are equal, the KM phases have opposite signs while V R contains extra five arbitrary external (Majorana type) phases. The situation with P is even more appealing: the mixings differ very little, while the phases in V R are calculable as functions of quark masses, and a spontaneously induced phase.
It is a remarkable fact: the world in which we live makes sure that the symmetry between left and right mixing angles remains practically exact, in spite of parity being broken almost maximally. We end on this note; the physical applications of our findings are left for a longer paper now in preparation, where we also give the technical details and include higher order terms in our expressions.
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